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On the Theory of Integers Factorization
Nelson A Carella
Email pobox5000@email com

Abstract: This paper establishes the preliminary theoretical frameworks for a new
theory of integer factorization The corresponding algorithms are capable of factoring
any composite integers n = pg from certain large subset S of integers of exponential size
#S = O(n'"*™®), € > 0, in polynomial time A generalization of this technique and the
existence of a polynomial time factoring algorithm are also considered

Key Words Integers Factorization, Polynomial Time Algorithms
Mathematics Subjects Classification 11Y05

1 Introduction

In the last few decades very extensive research and resources has been devoted to the
factorization of large integers The specific case n = pq and the equivalent problem of
determining the value of ¢(n) is of considerable interest These efforts have resulted in
incremental improvements in both the factorization algorithms and the
hardware/software A detailed account of the factorization of a 512-bit integer (155
digits) appears in [CV], see also [BR], [LA2], {[OD], and [PA] for perspectives on
current methods and future projections

The method introduced here relies on fundamental mathematical concepts It combines
elements of additive number theory and elliptic curves to derive a new integer
factorization theory These preliminary results have the potential to develop into a
general purpose factorization method The recent developments in computational
Diophantine analysis make all the algorithms probably practical, and utilize moderate
amount of resources The technique is applicable to the factorization of composite

integers n = pq from certain subset of integers S = { n=pg (p, q) € P, x Oy, and

fp.g) =0}, where P, ={ p<oas/n)}, O, ={ p<PBvn)}, ap = 1, and some equation
Ap,q) =0 Tt will be shown that the set S has exponential size #S = O(nm_s), £>0
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A few of the most effective integers factorization methods, the p — 1 method [PO}, the p
+ 1 method [WI], the rho method, and the elliptic curve method [LH], rely on the
specific structures of the prime factors of 7, i e, smoothness of p + 1 etc The method
herein does not rely any specific structures of p + 1, nor the nearby integers are required

to have specific properties The factors of the integers n arise as the solutions of certain
additive problems

The fastest algorithm herein can resolve an integer from the set S into its prime factors
in time polynomial in double logarithm of the input size

Complexity Issues

A problem is in the complexity class P if it can be solved on a sequential machine by a
deterministic algorithm in polynomially many steps O(log®(n)) in the input size O(log
n), where ¢ > 0 is a constant independent of the input » Similarly, a problem is in the
complexity class NP if it can be solved by a nondeterministic algorithm in polynomially
many steps O(log“(n)) in the input size O(log n), where u > 0 is a variable depending on
the input n

The expression L [a,p] = €?"®H)'™ "0 < o < 1, B > 0, is widely used to measure
the expected running time complexities of algorithms as n — o As o varies between 0
and 1, P constant, it interpolates between polynomial time and exponential time The

three instances of the parameter o = 1, 0 < o < 1, and o = 0 describe three major types
of algorithms

(1) L,[1,B]=nr", exponential, (1)
(2) L,[0<o<0,p]= el @ )™ subexponential, and

(3) L,[0,B]=(Inn)?, polynomial running times respectively

An algorithm of running time complexity La{c,B] is defined as subexponential if

Lim

—L—"[O:—’B]=0 foralle >0 @
n-»o n

Another class of interest is the nearly polynomial time class An algorithm from this
class has running time complexity of the form O(log(n)°'°®°"), or similar expression

equivalent to On°") In practice this is very effective For example, the fastest
deterministic prime recognition algorithm runs in nearly polynomial time, see [AD]
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All the currently known deterministic factoring algorithms run in exponential times
The trial division algorithm, which is the slowest factorization algorithm, has an

exponential running time complexity of L [1,1/2+¢€]=n'"*"*, & > 0, and the fastest, the

class group method, runs in time L, [1,1/5+€]=nr""" In contrast, all the currently
known probabilistic factoring algorithms run in exponential times to subexponential
times The p + 1 methods have exponential time complexities
L [L1/4+¢€]= O(n"* log® n), but the elliptic curve method, the quadratic sieve, and the
number fields sieve factorization algorithms have subexponential time complexities
Currently the number fields sieve factorization algorithm has the best performance, it
has a subexponential time complexity of L [1/3,B] = el 2o atatm)™) "see 1 A1,
p 12], or [PM]

The research efforts are focused in the development of algorithms of polynomial
running time complexities L [0,B] = e?™™" = (logn)®, some constant § >0

2 Background Materials

This section is essentially a survey of various results in additive number theory This
subject deals with the representations of integers as sums of other integers One of the
earliest documented attempt is the binary additive problem The binary problem

(otherwise known as Goldbach conjecture, circa 1742) claims that every even integer N
is a sum of two primes N=p +g¢q

For each even integer N there are up to p(N) < n(N —2) — n(V/2 — 1) representations N

= p + g, where m(x) is the primes counting function Trivially the maximal number of
representations of N as a sum of two primes is approximately

N

p(N)<m(N-2)-m(N/2-1)< eV

3)

The equality on the left holds for N = 210 only, see [DE] Using sieving techniques, the
number of representations of N # 210 possible can be estimated as

loglog N
coN H(l+l/p)=c‘N oglog

N) =
P log> N Lx log? N

4)

where p(N) =#{p <N 3 gsuchthatp+g =N}, and ¢, c; are absolute constants It is
also known that there are infinitely many integers N with the estimated maximal
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number of representations, see [PR] On the other hand, the minimal number is not
known But the Numerical data suggests that it should be about p(N) >>

log’(WM)loglog(N), see [RC] for a recent numerical experiment Thus in practice p(N) >>
1 Exempli gratia,

100=3+97=11+89=17+83=29+71=41+59 =47+ 353,

p(100) = 6
900 =13 +887 =17 +883 =19+ 881 = =439 +461 = 443 +457 = 433 + 467,
p(900) = 48

2500 =23 + 2477 =41 +2459 =53 + 2447 =
=1193 + 1307 =1217 + 1283 = 1223 + 1277,

p(2500) = 47

Almost Binary Additive Problem
The almost binary problem is a somewhat simpler version of the binary problem, but in
the applications to be considered here it has an advantage which will appear later

Theorem 1 (Linnik 1953) All large even integers N have representations of the form
N=p +p, +2% + +2"+2", (5)
where v; > 0, and & < ¢, ¢ some absolute constant

The effective formula for the number of representations 7, (V) for all k> 2, and even N
> N is

k 2
r,(Ny=2 M08 N ol log & 6)
log? N k

The original formula for r, (N) given by Linnik was simplified to the present form in
[GL] Note that the same also holds for odd integers since N + 2" + 2/ = odd for some i, j
=0,1,2

For the application envisioned here the more general equation

N=x+yx2% £ 2" +£2", @)

4
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with integers arguments x, y € Z is also of interest

Ternary Additive Problem

The quadratic equation X+ y2 + 7> = N mod p is solvable for all integers N = 4“(8v +
7), and these are precisely the integers that are expressable as sums of three squares
(Legendere’s Theorem) The same equation with primes arguments has local solutions

for all integers N that satisfy the congruences N # 0 mod 5, and N = 3 mod 24

Let B={N =1 N=3,27,51,99 mod 120 } The set B has a positive density 8(B) =
1/30 in the set of natural numbers N

Theorem 2. (Hua 1938) Almost every integer N € B is a sum of three squares primes
N=p{+p;+p; (®)
A similar result for N = p} + p3 + py, all k> 1, is also given in the same paper

The exceptional set E(X) = { N<X N €& B, N# pl +p>+p? } consists of all the

integers from the set B that are not expressable as sums of three square primes Very

recently it has been shown that this later set is a thin set in B, more precisely #E(X) <<
XP1160% e >, see [BA]

The number of representations (V) of an integer N as a sum of three primes has
exponential magnitude

JN

r(N) >>~1;é'3—]§/: (9)

for all sufficiently large N

The proofs of all the stated results consist of careful analysis of the singular integrals
and the singular series of the corresponding problem For details on the circle method,

the singular integral/series, and a few other types of representations of integers, see
[GR], [VA], etc

There are many completely solved problems in additive number theory The first fully
solved additive problem appears to be the representations of integers as sums of four
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squares N = x4+ y2 +22+wh x, ¥, z, w € Z, (Lagrange 1770) But the binary problem,
also one of the earliest, still remains unsolved

The more general equation
N=x*+y* 2%+ +2% 42", (10)

with integers arguments x, y € Z will be utilized later on

3 Nonsingular Curves
The algebraic curves appearing in this work are of the form C y* = f{x), where fix) = (x

—e)x —e) (x- ey, e € Q&) is a polynomial of degree deg(fix)) = d The
discriminant D = (e; — e2)2(e1 - e3)2 (eq — ed_1)2 of the curve is a function of the
coefficients of f{ix) The discriminant is nonzero D # 0 if and only if f{x) has no repeated
roots If this is the case then the curve is nonsingular of genus g = (d — 1)(d — 2)/2 The
genus g > 0 of the curve, a quantity introduced by Riemann, and other invariants of
algebraic curves measure the structure and complexity of the sets of integral points

C@Q={P=(y) fixy)=0,andx,y € Q}

on the curves The algebraic sets C(Q) (loci of curves) of curves of genus g = 0 have
infinitely many integral points, but the algebraic sets of curves of genus g > 0 have
finitely many integral points, (Faltings 1983), and [EV] Thus if a curve of genus g > 0
has an integral point P = (x, y) that can be used in integers factorization, then the search
for this point is limited to a smaller set of integral points

One of the most important integers factorization equation f,(x,y) = x* =y —n =0 has
genus g = 0 Accordingly it has infinitely many integral points, but only a few of these
points are of interest in integers factorizations The existence of a similar equation

gn(x,y) = 0, but of genus g > 0 could reduce the search to a very small set of integral
points

Lemma 3. Lets > 1, and let n = pg Then there exists a fixed integer m € Z, | m | <
an™®, such that P = (x = p° + ¢°, y # 0) is an integral point on the nonsingular curve E,,

3* = (x + m)(x* + 4n°), some small number a > 0

The determination of another squarefree polynomial f{x) similar to x*> — 4x° immediately
Jeads to the nonsingular curve E; y* = (x* — 4n’)f(x) Since a squarefree polynomial f{x)
is a square f{k) integer for infinite many integers & if and only if deg(f(x)) < 2, the curve
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has genus g = 1 (assuming it exists) This curve together with an integral points search
algorithm provide a general purpose factorization algorithm for all integers » = pg

The complex algorithms for computing all the integral points on several types of
algebraic curves C flx,y) = 0 have been under extensive developments for last few
decades There is a vast literature on this subject, see [PT2] for a survey, and [SM],
[ZM] for comprehensive introduction to computational Diophantine analysis, and

elliptic curves algorithms respectively A few of the integral points search methods are
listed here

(I)Acurve £ y2 = (x — a1)(x — a2)(x — a3) with three rational roots P = (a;, 0), P = (a2,
0), P = (a3, 0) The set of integral points P = (x, y) in a large range | x |, | y | < B can be
determined in time polynomial in (double logarithmic) loglog B, by applying 2-descend
techniques and continued fraction approximations, see [ZA, p 426] for the complexity
analysis, and [KE] for related details

(II)Acurve E y2 = (x — a1)(x* + ax + b) with a single rational root P = (ay, 0), and X

+ ax + b is irreducible over Z The points are determined by applying 2-descend
technique and using a basis of the group of points

(Il ) Given a basis P;, P,, , P, of the free group of rational points E(Q) / E(Q)iors of

an elliptic curve £ y* = x> + ax® + bx + ¢, the Lang—Zagier algorithm determines all the
linear combinations

P=mP, +mPy+ +nP,+T, (11)

where n; € Z, T € E(Q)wrs This method gives a complete solution to the integral points
problem The complexity analysis of this method is not available yet, but for

nonsingular elliptic curves of rank < 6, the algorithm is effective on such curves, see
[GB, p 172], [ST], [PT1] et cetera

Since some of these algorithms can work faster on certain type of curves, the choice of
algorithm depends on the specific curve In the present problem the entire set of integral
points on the curve E,, Y=+ m)(x> — 4n°) is not required, only those integral points
P = (x, y) with x-coordinates in a short interval Specifically, if # = pgq and the ranges of
the prime factors are as follows

o n<p<\/;<q<[3\/;, (12)

where a, 0 < a < 1, and apf = 1 Then the short interval of the x-coordinate is
2n*'? <x=p*+q° <(a’ +a*)n*'?,s>1 For example, at s = 1, 2, the intervals are
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(1) 2dn<x=p+g<(a+a™Wn, forthe curve E, y*=(x+m)x*—4n), (13)

(2) 2n<x=p’+¢* <(a’ +a)n, for the curve E,, y* = (x + m)(x* — 4n’)

4 Nonsingular Curves Factorization Algorithms
The works in this section combine the theory of integers representations and elliptic
curve algorithms to derive a new theory of integers factorization and the related

factorization algorithms These algorithms effectively resolve certain integers n = pg
into their prime factors

Curves With One Rational Point
Let €N, k)={n=pqg N= p+qg+2% + +2"+2" } Since #C(W, k) = r(N) >>

Nloga(N) / (log*(N)), this is a set of cardinality #€(N, k) = O(n"*™), £ >0 Any integer
form this set can be factored in running time O((log n))") using the following algorithm

Algorithm 1
Input n=pgq, N, and k
Output p, g

(1)Forx e Rg={x=N £2%+ £2"+2" 0 < v; < log, n }, compute
2p=x-x"—4n, 2§=x++x*—4n

(2)If pg =n, then return the triple p = p,q =4q, @(n) =n + 1 — x, and terminate

Now define 7(n) as the sieving time on the curve C y* = f{x) for all integral points P =

(x, ) with x-coordinates in the range 2n<x<tJn, where 1= o +al>2 In
additionlet N=p+¢qg £2"™ £ +£2" £2",0<v;< Slog,n

Theorem 4. Let n = pq, and suppose that N is a square integer for some £ < ¢, where c is
an absolute constant Then there exists an algorithm that can factors #» = pg in running

time O(T(n)(logn)***)

Proof* Consider the parametized curve E,, * = (x + m)(x* — 4n), m € Sy ={m=
2%+ £2" 42" 0<v;<log;n} By hypothesis the factors of » maps to an almost
binary representation of of a square N, which coincides with the integral point P = (x =
p +q,y# 0)on one of these curves To determine the curve and the point, one searches
through all the curves (for each choice of m or vector v = (v, , V2, V1), there is a
different curve), it takes at most log; N <log; N trials Thus the running time to
determine the point P = (x =p + g, y # 0) is at most
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logt N T(n) <(logn)’logi N T(n) = O(T(n)(logn)<**) m

Algorithm 2

Input n = pq

Output p, g

(1)Forme Ry={m=12" %+ 2" 42" € Z:0<v;<log, n}, compute the set
Vu={xeN (x,y=0)is Z-point on y* = (x + m)(x* — 4n), and 2dn<x<tn }
(2)Forx € Vy, compute 2p =x—+vx* —4n, 2§=x++x*—4n

(3)If pg = n, then return the triple p = p,g =4, ¢(n) =n + 1 — x, and terminate

Example 5. To factorn=253,leta= 5,andputm=m(v)= £2",£2" £2", |, 0<
v; < 510g2(39)<3,k=1,2, Then the corresponding parametized curve is

E, ¥ =@+m)x* —1012) =x + mx’ - 1012x - 1012m

Apply a direct sieve in the interval 24/253 < x <2 5+4/253, (1 =a + o~ =2 5), for m(v)
=-2,-1,0,1,2, -4, -3, ,to obtain the followings table (this procedure is algorithm

2)
m(v) | Integral Points (x, y) Factors p, 4 o(n)
-2 None
-1 None
0 None
1 None
2 (34, £72) p=11, ¢g=23 o(n) =220

Curves With Three Rational Points
The curve E; y2 =(x —mt)(x2 — 4n) of the previous result has a single rational root, so
the sieving method is probably not the faster one The next curve E; Y= (x - m)(x* —

4n*) in the collection E; 3% = (x— m)(x* — 4n°) has three rational roots, and sieving
method is probably the fastest one

Let £(N)={n=pyps N=p2+pl+p? <n’ and (pi,p2) € Py x Oy} be a subset of
integers (other similarly parametized subsets can also be used) Note that omitting the
permutations of a primes triple pi;, pa;, p3,» the transition from the ith representation
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N=pl. +p;, +pi to the jth representation N = pl,+p;;+p;; has at least one

change in primes Thus each representation maps to one or more distinct integers n =
pq, (up to three)

Theorem 6 There ex1sts an algorithm that can factor n € £(N) in running time
O((log n) (loglog(2n ) ) where d > 0 is a constant

Proof* Let n = pgq, and N=p*+ q +7° Then the integral point P = (x = p> + ¢%, y # 0) is
on the curve Ey y = (N = x)(x* - 4n%) By the sieving method ( I ), the running time to
determine all the integral points P = (x, y # 0) such that 2n < x < tn, is

T(n) = O((loglog B)*) = O((loglog 2n%)%),

where d > 1 is a constant, and B=max { | x|, |y]|} [ ]

Algorithm 3

Input n =pg, N

Output p, g

(1) Compute V= {x e N (x, y# 0) is Z-point on y* = (N — x)(x* — 4n?), and
2Vn <x<tn )

(2)Forx € Vy,compute 2p = x+2n —vJx—-2n, 2§=x+2n+x-2n

(3)If pg =n,then return the triple p = p,qg=¢, @(n) =n+ 1 — p — g, and terminate

Note The second line recovers the factors p and g from the integral point P = (x = p* +
q y #0) To accomplish this one can utilize the well known formulas

2p=n+1-g(n)—+[n+1- o))’ - 4n , and (14)

29 = n+1-@(n) +[n +1- o)) —4n

to derive the new formulas

Compute 2p = +/x +2n —/x = 2n, 2g =+x+2n++x-2n,and (15)

on)=n+1-+x+2n

10
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Remark: These algorithms were originally developed specifically for the two-prime
composites # = pg However the structures are richer, and can actually be used to
discompose any composite integers, including even, perfect powers, and nonsquaresfree
integers The length of the sieving interval 2n*"?* <x<v’'n*?, (' = o' + o™ > 2),
determines the size of the factors, for example, T = 2 for nearly equal factors The same
formulae (15) given above can be used to recover the factors, but the corresponding
formula for ¢(n) works only for n = pg ‘

The Special Case Eg : y* = x* — 4nx
Each of the curve on the collection E,, y* = (x + m)(x* — 4n) has a rational root, which
makes the determination of the integral points some what easier The curve E, )* =

x(x* — 4n), the simplest case, provides an algorithm for factoring all integers n = nin;
such that n; + n, = O This includes an infinite sequence of integers n = pg with the

primes factors in the short interval on < p< Jn < q< B\/; asn —» ©
Some of its characteristics are as follows

(1) The torsion group E(Q)ors = { O = (o0, ), (0, 0) } = Z>
(2) The set of rational points E(Q)=Z, x Z', 1<r<5

The upper limit of the rank » < 5 is determined using a 2-descend method, the actual
calculations appear in various places in the literature On the other hand, since there is

an integral point (x > 0, y # 0) in E(Q)/2E(Q), which is not in E(Q)ors, the rank r > 1 is
nontrivial

Since only the integral points (x, y) in a large range, perhaps 2Wn <x<tn, are
required, there are several plausible strategies

( 1) To sieve for integral points directly in the range 2Jn<x<25n , (the algebraic
system SIMATH is a possibility)
12

(2) To sieve for integral points in the compact component E(Q)° = { (x,y) —2n"“<x

<0} and then use the duplication and addition formulas to take linear combinations of
the form

P=nmPi+nPy+ T, (16)
where n; € Z, P1 = (x1, 1), P2, = (x2, y2) € E(Q), and T= (0, 0), to get integral points in

the identity component E(Q)° = { (x, y) 2n'? < x < } The duplication and addition
formulas are

2 2 2 2 3
—4 —4 -4 +4
po| X n, 3x nylx n| x n 7 17)
4x 2y 4x 2y

11
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for P = (x, y) # (0, 0) and for pair of distinct points P; = (x1, y1) # =P = (x2, y2)
2 2 2
P +P = [ZZ___ij —xl—xz,_(yZ—ylj [[yz")’\] _xl_xzj_(xz%_)ﬂyz)]
X, =X, X, — X, X, — X, X, — X,

( 3 ) Compute a basis, and find all the linear combinations in the range of interest The
authors in [ST] claims that the problem is tractable for curves of rank » < 6

Example 7. For n = 39, the corresponding curve is E  y* = x(x* — 156) The integral
compact component is E(Q)° = { (x,y) —2n"?<x <0} = {(~12, £12), (-3, £21), (0,
0) } Now adding points from this set gives

(13,-13) =(-12, 12) + (0, 0), (16, -40) = (12, 12) + (-3, 21), etc

Thus the identity component is
E(Q)° = { 0, (13, £13), (16, +40), (52, +2548), )

Applying algorithm 2, (here ¥, = E(Q)°), returns p = 3, g = 13, and ¢(n) = 24

Additive and Multiplicative Types Factoring Algorithms

The integers factoring algorithms, (CFRAC, QS, NFS, etc) based on the equation
fulx,y) = x* + 3% — n = 0 construct the solutions of this equation by a process of
completing the square through products These will be classified as multiplicative type
factoring algorithms On the other hand, the integers factoring algorithms based on the
equation g,(x,y) = O that construct the solutions of this equation by a process of
completing the square through sums will be classified as additive type factoring
algorithms All the new algorithms introduced here are additive type

One of the marked difference between these two types of algorithms is the running
times The running time of a multiplicative type factoring algorithm grows
exponentially or subexponentially as n — o (conjecturally or heuristically speaking) In
contrast, the running time of an additive type factoring algorithm grows polynomially or
nearly polynomially as » — o, (conjecturally speaking, see below)

This classification of the algorithms is motivated by the following simple observations

Consider the (signed binary) representations

12
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N=nl+nl£2%+ 427 +2", (19)
and the corresponding curve

En V2= (x+m)(x* - 4nd), (20)

where the error term
m=12%+ +2" 2", (21)
and 0 <v; < cology(tn), co > 0 The error term is used to complete the square

Trivially, any integer N > 2n has a representation of the form (19) for some k in the

range 2 <k < 1+ Slogy(tn), and n € N It is quite plausible that every integer has one
or more representations as in (19) with & < ¢, where c is an absolute constant There is
evidence to back this claim, for instance, the subset of integers

U,={n=nn, n!+n; £2" £2" =square,and 0<v, <log, n } (22)

(only two powers of 2 are needed to complete the squares) is a set of positive density in
the set of integers N Some related analysis is given in [LI], for instance the number

A(X) of integers N < X representable as N = p? + p? +2" +2" is A(X) = c.X, some
absolute constant ¢; > 0

This mild assumption k£ < ¢ on the parameter k leads to a very interesting result a
polynomial time algorithm On the other hand, if £ grows as k(n) = c;logslogy(n), c; > 0,
(or a similar function perhaps k(n) = c3(logzlog; n)°, e > 1,), then the corresponding
algorithm runs in nearly polynomial time

Theorem 8. Suppose that there exists an absolute constant ¢ > 2 such that k£ < ¢ in the
representations of any square integers N Then the integer » can be factored in running

time O(logn)“" (loglog(2n?))?)

Algorithm 4
Input n=nmn;
Output n;, n;

(1)Forme Ry={ £2™ + 12" £2" 0<v;<log, n}, compute the set of points
Ve={xe N (x,y#0)isaZ-point on y* = (x + m)(x* — 4n®), and 2n <x<tn }
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(2)Forx € Vy, compute 2p = vx+2n —vx—2n, 2§ =x+2n++x-2n

(3)If pg =n, thenreturn the triple p= p,q =4, ®n)=n+1-p —gq, and terminate

Proof* The outer loop consisting of line 1 is repeated at most (2(1 + log, n)) = O((log
n)*) times In each repetition the set 7, is determined at a cost of O((loglog 2n%)%), some
d > 0, this follows from the analysis in [ZA] The inner loop consisting of lines 2, and 3
is repeated at most 3 7% times, this estimate of the cardinality of the set V,, follows from
a result of [EV] In each repetition a pair of integer square roots is computed and a few
other arithmetic operations at a cost of about O((log n)”) The overall complexity is

O((log n)") x O((loglog 2n*)%) x O((log n)*) = O((log n)*(loglog 2n*)%)

Therefore if one assumes the existence of an absolute constant ¢ > 2 such that £ < ¢,
then the algorithm runs in polynomial time But if the integer & grows as k(n) =
clogology n, or cx(logplogs n,)%, e > 1, then the algorithm runs in nearly polynomial
time |

Corollary 9. There exists a polynomial time prime recognition algorithm

Proof- Since the factors n; and n; of any integer n = nyn, satisfy the inequalities
2<n < Jn < n,<n/2,lettn=4+n%4=B,and 2n < x <tn Clearly, if the algorithm

4 does not find a factor of n, then n is prime ]

The running time of the penultimate result has a resemblance to the running time
O(log(n)loglog(n)logloglog(n)) of the theoretical integers factorization on a quantum
computer, see [SH], which is a probabilistic algorithm

The running time complexities of the fastest probabilistic factoring algorithms, ECM,
QS, NFS, are all based on some reasonable conjectures and/or heuristic arguments, see
[PM, p 265] The same is true of the quantum integers factorization algorithm
Similarly the running time complexity O(n'"**®) of the fastest deterministic factoring
algorithm, the class group method, is based on the validity of the extended Riemann
hypothesis In the same tradition, this paper using a reasonable assumption, (which is
probably not difficult to overcome), has shown the existence of a polynomial time (or
nearly polynomial time) integers factorization algorithm

Example 9. To factor n =253, and put o = 5 The idea of the algorithm is to search
for integer points on the sequence of curves
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yr=(x+2" + 20 )xP —4n?), yP =(x+2" +27 +2")(x* —4n?), ,

where m(v) = 2™ + 42" +2",0<vy; <1+ Slogy(253) <6, k=2, 3, Apply a
direct sieve in the interval 2 253 < x <2 253, (t = a® + o> = 4 25), and the verification
procedure to obtain the followings table

m(v) | Integral Points (x, y) Factors p, § o(n)

14| (519,2665), p=1421, §=1781
(966, 25760) p=846, §=2871

16 (572, 6468) p=1235 §=2048

26 (650, 10608), p=11, qg=23 o(n) =220
(814, 18480) p=939, §=2694

The curves form=2,3,4,5,6,7,8,9, 10,11, 12, 13, 17, 18, 19, 20, 22, 24, and 25 do
not have integral points in this range Note that the congruence N = 0, 1 mod 4 for
square integer N = p> + ¢* + m is effective in reducing the number of curves to be
sieved
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