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A Review Of Logic For Computer Professionals
© Ronald 1. Frank 2600, 2004

ABSTRACT

Logic is used in programming and circuit design. | introduce the basic definition of
Logic and give some concrete examples.

By “Logic” | mean the representation and manipulation of variables that can be in one
of two states. In programming the variables stand for conditional statements used in
looping, that can be true or false. In circuit design the variables stand for voitage on
or off or current flowing or not flowing.

A section exhibits some applications of Logic to computer language “if” and “while”
statements.

The appendix shows an example of XOR applied to RAID storage, the proof of the
sufficiency of Sheffer Stroke (NAND), and some examples from formal circuit theory.
They are in the appendix because they require mathematical maturity (and some
motivation) to fully follow them.

A bibliography points to standard texts for more detailed information.
This paper is not meant to substitute for the bibliographic references. It is meantas a

quick and broad introduction, and as a short pertinent reference for classes using
these topics.
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L Preliminary Ideas And Terminology

A). Two-state Variables (TSV)

It's always easier to think in terms of canonical examples. So, instead of being
abstract and talking of two-state variables, we will think of variables that stand for
statements that are true or false. Later, we can think of 0 voltage as false and high
voltage as true (or vice versa) and apply our new knowledge to circuits.

If | state that P is a statement that is true or faise, | am being half abstract since | am
not giving an actual statement that is true or false. We can think of a canonical

example: “l worked more than 40 hours this week.” This is a statement. It is either true
or false.

B). Functions Of Two-state Variables (TSVF)

There are a bunch of useful functions of two two-state variables that we regularly use
in computing. If P is a TSV and Q is too (ha ha), then we can represent their possible
separate values as P=0 or P=1 and Q=0 or Q=1.

Variables that can take on only two values are called Boolean variables. In fact this

whole topic of formalization of classical logic was started by George Boole in the
century before last.

If P stands for “l worked more than 40 hours this week” and Q stands for (represents)
“l got paid for only 40 hours work”, then the two variable function
P AND Q

represents the TSVF “l worked more than 40 hours this week and | got paid for only 40
hours work.” This compound statement is also a TSVF since it is either true or false.

WEIIHI .... Maybe.
We have to agree exactly on what is meant by the language conjunction “and”.
There has been an interaction between language and Logic so that today we have very

precise meanings for words like AND, OR, and IMPLIES, all of which are two Two-state
Variable Functions. The meanings are the ones defined in Logic.

C). Truth Table Representation Of Functions Of Two-state Variables

A Truth Table is a standard form display of the input variables (TSVs) and the output of
the function (a TSV). The function is symbolized and put in a header — see below for
examples of AND, OR, NOT, IMPLIES, TRUE, and FALSE.

AND, OR, IMPLIES, TRUE, and FALSE are two-variable functions. TRUE is the TVF that
gives the value 1 (true), no matter what the input variable values are.
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Similarly, FALSE is the TVF that gives the value 0 (false), no matter what the input
variable values are.

NOT, however, is a one-variable function.

The symbols for the functions are fairly common ones coming from the Latin word for
the functions. A means AND, and v symbolizes (means) OR.

NAND (symbolized by the Sheffer “Stroke”, or stile character) is used in circuits.
There is also a NOR function.

IMPLIES is meant to capture some of the meaning of implication in language. “All
humans are mortal AND | am a human IMPLIES | am mortal”. In logic, we take IMPLIES
to mean something a little stronger the usual use of implies in language. If you look at
the truth table for = , which is the symbol for implies, you see that IMPLIES is false
ONLY when the premise is TRUE and the conclusion is FALSE. The implication (ho
ho) of this is that, from the table, we see FALSE IMPLIES anything. Assume a

falsehood, and | you can validly imply anything | want. The general format of a Truth
Table is:

Input 1| Input 2 |Output Function

Value 1| Value 1 Output 1
Value 2| Value 2 Output 2
Value 3| Value 3 Output 3
Value 4| Value 4 Output 4

Where all input values are TRUE or FALSE and each output is TRUE or FALSE



Figure 1: Truth Table Examples Of Basic Two Two-state Variable Functions

P[Q[P » Q] PIQIP v Q| P[~P PIQIP | Q PQP = Q|
0/0] |0 0/0] |0 0 1 0/0 |1 010 |1
R lo‘ oi1] |1 11 0 0{1, |1 ol1| |1
10| |0 10| |1 110! |1 110 |0
11 li 11] 1) 111] [o 111] |1
PlQP®Q[P[Q[P1 Q| [P[Q[P0 Q) [P[Q[P= Q] [P[Q[~P[~Q[~Q = ~P]
0[0 |o 0[0] [1] [0]0] o[ [o[o] T[4 0/0]1]1 1]
o1, |1 {o|1| [1] |o{1| |o} |o|1] |oO ol1/1/0 1
110] 1 110/ |1 1]0| (o] |1]o] |o 110|011 l:
111 10 111 |1 11| o] [1]1] |1 1/1/010 1
AND_OR_NOT.vsd Page 1/1 ©  Ronald I. Frank 2000

Notice NAND is the NOT of AND. NOR is the NOT of OR, [work it out or see Figure 2
below]. The last application example shows how to add helper columns to ease table
construction.

Notice that the output of a two variable function is itself a TSV in that only the values 1
and 0 appear. Since there are 4 input cases[00,0 1,1 0, 1 1] there are 4 possible
output cases of 0 or 1. This means that there are 16 possible two variable functions
[2x2x2x2=16 possible outcomes].

| present for your reference, the 16 cases and their symbolic interpretation.

NOTE: Every one of the 16 possible two variable functions can be represented using
only the functions AND, OR , and the NOT. We say that AND, OR, and NOT suffice to
generate all the others.

Similarly the Sheffer stroke alone(!) can generate all of the others! The implication of
this is that a single circuit element can build all logic circuits! [The same can be said of
the logic function NOR}/
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Figure 2: The 16 Logical Functions of Two Boolean Variables

The 16 Logical Connectives
(Functions of 2 Boolean Variables)

N
\°~¢Q\
® &v,éo R & @
Q‘b\q’ QQ' Q \’Q//" \/Q//Il '«(\)
5L 8 ST (o) S S
P4 /\o"o\oQ"‘gf\Qﬂ 2% e+‘>°‘i°¢;°2"& »oﬂ{ > Qﬂ;?@i'b&&o
0] 0|0|0|0|0{0|0|0|O{1{1{1{1({1|1{1|1
0] 1]0{0({0{0|1{1|1(1]|0{0|0|O|1}|1{1|1
1] 0]0|0|1{1]0(0|1{1]|0]|0|1{1|0{0(1|1
11 1|0({1]0(1(0|{1|0{1{0|1(0{1|0{1|0}1
% % A A A
SRR R
) ) ) ) Z 4’0).“’/ CNANA P
°¢,9 BN A o o o>
(AND, OR, and ~: Sufﬁca O 9‘% SO\ ’ 4:%\
Y & ¥ o\Y

(" NAND Suffices: ~p=plp, pORq = (plp)(ala), PANDa = (pla)i(pla) )

Logic16.vsd © Ronald . Frank 1999,2000

Notice the groupings of the columns [# of Columns = total of 16]:

1. [1] NOR is NOT of OR.

2. [1] NAND is the NOT of AND.

3. [2] p output reproduces the TRUE inputs of p. NOT p reproduces the FALSEs.
4. [2] q output reproduces the TRUE inputs of q. NOT p reproduces the FALSEs.
5. [1] Output TRUE is TRUE for all possible inputs.

6 [1] Output FALSE is FALSE for all possible inputs.

7. [2] AND and OR (and the NOTs) have no further breakdown into equivalents.
8. [1] IMPLICATION (p =q) has equivalents and can be defined as p <q.

9. [1] CONTRAPOSITIVE (q =p) has equivalents and can be defined as q < p.
10. [2] The NOT of IMPLICATION AND CONTRAPOSITIVE have equivalents.

11. [1]1 IDENTITY (=) is when the inputs are equal.

12. [1] EXCLUSIVE OR (@) is often used in terms of its equivalent expressions.
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It Logical Functions As Circuit
A). [AND, OR, NOT]

If we think of a simple lever switch that can make or break a contact, we can represent
some of the logical functions as simple circuits with switches in them. Some of the

functions require double throw switches — that can make or break on either a left throw
or right throw of the switch.

Figure 3: Series Parallel Circuits [AND, OR, NOT]
[ AND, OR, and ~ AS CIRCUITS [Current Flows From Left To Right]

~
‘The Current Outputis A Function Of The Switch Settings:
Current {8 True (1)1 On, OR False (0) It Off.

[ Series Connection | / /
AND
g
/

Parailel o]
Connection
(~ Closed is TRUE (1)
{_ Open Is FALSE (0) PORQq
/ Flp.g)
Simple q

LogicCirauite.ved

Figure 4: XOR as a circuit

B). XOR As A Circuit

Exclusive or can be embodied in a two switch circuit using double throw switches.
( XOR AS A CIRCUIT [Current Flows From Left To Right] )
( (~p AND q) OR ( p AND ~q)~speq)

(Single Pole, Double Throw) ~q

© Ronatd |. Frank 1999

/ {~p AND ~q)
~p
q
p
~q
/ {((p AND ~q)
o]
q
—

EXORvsd ) Ronald . Frani 1990
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C). DeMorgan’s Laws As Circuits

There are a pair of very useful relationships, or laws, used to convert the negations of
ANDs to ORs and vice versa.

Figure 5: DeMorgan’s Laws As Circuits

DaMogan's Laws [OR]
~(p AND q) = [(~p) OR (~q)]

~(p OR q) = [(~p) AND (~q}]

~(p OR q) = [(~p) AND (~q)]

D

p

-
/

q

No Current Fiows Only When BOTH p and g are open.
L.e., when (~p AND ~q)

DoMorganOR.vsd © Ronald | Frank 1998

DeMogan's Laws [AND]
~(p AND g) = [(~p} OR {~q)]
~(p OR g} = [{(~p) AND {~q)]

~(p AND q) = [{(~p) OR (~q)]

{pAND q )

P q

—
OR

—

No Current Flows When EITHER p OR g are open.
Le., when (~p OR ~q}

DeMorganAnd.vsd © Ronald 1. Frank 1895



D). NAND As A Circuit
NOT AND can also be embodied in a two switch circuit using double throw switches.

Figure 6: NAND As A Circuit
C NAND AS A CIRCUIT [Current Flows From Left To Far Right] 1/2 )

( ~{p AND g} ={~p OR ~q}.=plq ) (smgle Pole, Double ThrovD

@(mqm) (p AND :D

P q
fnp q)= 1) Gp AND @
/ [
~p q
(o) @5
‘ )
P ~q

NAND.vsd © Ronaid | Frank 1889, 2000

(Fip.ay=1) (~p AND~q)
% %

~p ~q
~p|~d| F(p,q) | p AND q |~(p AND q)

- =200 (T

_0O-=20|0

OO =— -

=0 =
O = -

000
Y O b =k =




. Application Of Logic To Programming Language Conditionals

A). [if]

The Java and C, C++ if-statement depends on a conditional (a statement that is TRUE
or FALSE).

The languages allows the use of AND (&&), OR (|]), and NOT (!) in the statement of the
conditional. As we have seen above, this means any of the logical functions can be
programmed into the conditional, including exclusive OR.

Figure 7: Tracing The Simple if-else Conditional Statement

( Java & C++if else |

if (condition)

)

R

U

E*——}»statement(s); F
L
S

¢ lelse E

F

= | {

r | statement(s);~

R

o |}

E

B -7
mor>mm

L-statement(s);

IfElse.vsd © Ronald L. Frank 1988
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B). [while]

The Java and C, C++ while-statement depends on a conditional (a statement that is
TRUE or FALSE). The languages allows the use of AND (&&), OR (||}, and NOT (!) in the
statement of the conditional. As we have seen above, this means any of the logical
functions can be programmed into the conditional, including exclusive OR. This is
taken out of a text book as indicated in its comments. | notated the flow.

Figure 8: Tracing The Simple while Conditional Statement.

import java.io.*; // Code Modified From JAVA by Walter Savitch
import java.util.*; // Prentice Hall ISBN 0-13-287426-

/ . IRk ek *

*Class for simple console input.

*A class designed primarily for simple keyboard input of the form
*one input value per line. If the user enters an improper input,
*i.e., an input of the wrong type or a blank line, then the user

*is prompted to reenter the input and given a brief explanation
*of what is required. Also includes some additionai methods to
*input single numbers, words, and characters, without going to
*the next line.

public class Savitchin
— {

[ bbbt bedi bbbt bbb Tk dokdekdekk

(°|355 ) *Reads a line of text and returns that line as a String value.
*The end of a line must be indicated either by a new line
*character \n' or by a carriage return "\r' followed by a
*new line character "\n'. (Almost all systems do this
*automatically. So, you need not worry about this detail.)
*Neither the \n', nor the "\r" if present, are part of the
*string returned. This will read the rest of a line if the

*line is already partially read.
----------------------------------- »I

[method ) | hiic static String readLine()

4—- {
char nextChar; F = False
String result = ""; T = True
boolean done = false;
-« while (Idone) _>v1' F -y

¢ e
nextChar = readChar(};

t

E if (nextChar == "\n) F

¥ ~-~~~done = true; 4_:@ E
H else if (nextChar == "\r')

N 7]

: /Do nothing. % F
-

v

//Next toop iteration will detect "\n'

===}

' else g F
‘ result = result + nextChar;
14!* } /lend while E
return result; % '
L-> } // end readLine()
L.» } /Il end class Savitchin @

SavReadinL.ogic.vsd © Ronald i. Frank 1999, 2000



IV. Appendices

A). Some Laws Of XOR [®] And Its Application To RAID Storage
1) DEFINITION OF “Exclusive OR”, Some Of Its Properties

Truth Table
P9 pdg
0 0 0
0 1 1
1 0 1
1 1 0

Properties

[® Can be thought of as binary addition without carry]
[A and B are equal length bit strings, 0 is all Os, 1 is all 1s]

) A®B=B ®©A Commutivity
2ADBaeC=AoBdC)=(A B &©C Associativity
3) NotsoA ®BAC)=(A®dB) A(A®C) Distributivity Over A
4) NotsoA ®dBvCO=AeBvlAa®C( Distributivity Over v
5 ~A ®B)=~A ®B=A &~B Negation
6) AD®O=A A®&l=~A “Identities”
n"ASDA=0 Self-“Inverse”
8 A®~A=1 The Universe
9 A®B=AA~B)v(~AAB) Definition in terms of v, A, ~

2) Practice Manipulating ©:

Theorem: For Any A and B, equal length bit strings
A«<A ®B
B«A ©&B
A«A ®B
Interchanges A and B
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Proof:

C«<A ®&B

B«De«C &®B=(A ®B)®B=A® BB =A0 O =A
AcCOdD=(ADdB® A=(A@A)® B=(0 ®&® B=B

3) Application to RAID Storage
[Redundant Array Of Inexpensive (or Independent) Disks]

We are not told the manufacturers' algorithms for striping and computing parity. We
are only told that they use parity. Here is a view of how that might be done. Assume
one block [A] is on Disk 1, another block [B] is on Disk 2 and their byte-by-byte parity [P]
is on Disk 3. This takes 1/2 the extra space of mirroring

Example:
A =1[10010111]
B =[11100010]

P =[01110101] even parity.
P=A®B

If A is lost
Pe&B=(A®B) ®B=AdB &@B)=Aa0)=A

If B is lost
PoA=(A®B) oA=BoeA ®A=Ba(0)=B

If P is lost
P=A &B

Example:

A=1[10010111]

B = [11100010]

Q = [10001010] odd parity.
Let P=~Q and proceed as above.

13



B). Proof Of The Sufficiency Of Sheffer Stroke
(To Generate All 16 Boolean Functions Of Two Boolean Variabies)

G’mof Of Sheffer Stroke (NAND) Sufficiancy]

(NAND Suffices: ~p = plp, PAND = (pla)i(pla), PORa = (pip)i(ala)

1) ~p = ~(p AND p) = pip By Definition

2) (pAND g)= ~~ (p AND q) = ~(pla) =(plq)l(pla) | By 1) Above

3) (p OR q) = [~(~p)] OR [~(~q)] = ~[(~p) AND (~q)] = (~p)I(~q) = (pIp)I(q

By DeMorgan
and 1) Above

q)

C). Formal Circuit Elements
I present the symbols for a few logic (boolean) functions [AND, OR, XOR, and NOTI.

Next is the diagram for all four cases of a half adder (one bit position sum plus carry out,
but no carry in). This is NOT the only possible design for a half adder.

Below this is two of the eight cases of a full adder (one bit position sum plus carry out,
and a carry in). There are eight cases because there are four possible values for the two
addends [00, 01, 10, 11], and two possible values for the carry in [0 or 1] — giving eight
cases.

There is a sheet of four blank full adder diagrams for the reader to practice on.
Copy the diagram sheet and do all eight cases. Good luck.

What is missing here (because I think it is too large a deviation from the simple purpose

of this paper) is the derivation of the designs of the half and full adders from first
principles (e.g., by using a Karnaugh map)

14



Figure 9: Circuit Element Symbols; NOT, OR, & AND

NOT
OR
AND
XOR

o) e B e P oa

@ |
3
E
2
-
@
E
3
3
2
3
e
-
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Figure 10: Half Adder Cases & Some Full Adder Cases

{ALF ADDER cAaes

1 0
= +0 1
10 1 1
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_With Carry In And Out)
PO B i
Previous ' —
Carry Y )
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\\(A(\ <
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Carry E,/

il
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Figure 11: Full Adder Practice

FULL ADDER PRACTICE

ala - al=
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O
1 Previous i — Pre;{ious
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